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Abstract. In this paper we prove the optimal //-solvability of nonlocal parabolic equation with 
■ spatial dependent and non-smooth kernels. 
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In this paper we are considering the //-estimate of the following nonlocal operator: 

-C a f = [ [f(x + y)-f(x)-y {a) -Vf(x)]a(x,y)\y\- d - a dy, (1) 



where a e (0, 2), a : R d x R d — > R + is a measurable function and 



43 : y (a) '■= W^J + i a =iyi\y\ 



<1 • 



When a(x, y) is smooth and 0-homogenous in y, or a(x, y) = a(y) is independent of jc, the LP- 
estimates for this type of operators have been studied by Mikulevicius-Pragarauskas ITT3TI and 
Dong-Kim [[8]] (see also fT9ll ). However, for nonlinear applications, the smoothness and spatial- 
independence assumptions are usually not satisfied. 

Let us now look at a nonlinear example. Consider the following variational integral appeared 
O: in nonlocal image and signal processings: 

V(ff):= f f mx)-e(y)Hx-y)\y-x\- d - a dxdy, a e (0,2), 

o ■ 

where <p : R — » R + is an even convex C -function and k(—x) = k(x). Assume that <p and k satisfy 
that for some A > 0, 

0(0) = 0, A 1 < (f>'\x) < A, 
^ ■ and 

A~ J < k(x) < A. 
The Euler-Lagrange equation corresponding to V(9) is given by 

<f>'W,y) - 9(t, x))K(y - x)\y - xV d ~ a dy = 0. 

In O, Caffarelli, Chan and Vasseur firstly considered the following time dependence problem: 

dfiit, x) = f <p'{6ty) - 9(x))K(y - x)\y - x\- d ~ a dy, 

and proved that for any 9 e H 1 ' 2 , there exists a unique global classical C 1/3 - solution to the above 
equation with 6>(0, •) = 6 Q in the L 2 -sense. The existence of weak solutions with non-increasing 
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energy can be deduced by the standard energy argument. To address the regularity problem, 
they followed the classical idea of De Giorgi and considered the following linearized equation 

d t w(t, x) = f <f>"(G(t, y) - 9{t, x))(w(t, y) - w(t, x)) K (y - x)\y - x\' d ' a dy, (2) 

jR d 

where w{t, x) = V6(t, x). If we set 

kit. x. v) = (f>"{0(t. v) - 0(t, x))K(y - x) = (A" i (v - .v) • I wit, x + ,v(v - .v))d.v ) a(v - .v), 



^ w(t, x + s(y - x))dsj i 



then, since <p" is an even function, we have 

k(t,x,y) = k(t,y,x), 
and equation © is understood in the weak sense: for all j] 6 C ( "(R d ), 

I d,w(t, x)r](x)dx = I I (w(t, y) - w(t, x))(r](y) - rj(x))K(t, x, y)\y - x\~ d ~ a dydx. 
Clearly, if we let 

a(t, x,y) := k(t, x,x + y), 

then equation © becomes 

d t w(t, x) = I (w(t, x + y)- w(t, x))a(t, x, y)\y\- d - a dy. 

Notice that a(t, x, y) is usually not smooth apriori in x and y. This type of equation is our main 
motivation. 

This paper is organized as follows: In Section 2, we give some necessary spaces. In Section 
3, we prove some estimates of nonlocal integral operators. In Section 4, the linear nonlocal par- 
abolic equation is studied. In a forthcoming paper, we shall use the result obtained in this paper 
to study the stochastic differential equations with spatial dependence jump-diffusion coefficients 
(cf. d). 

Convention: Throughout this paper, we shall use C with or without subscripts to denote an 
unimportant constant. 

2. Preliminaries 

In this section we introduce some necessary spaces of Dini-type (cf. |fT51 p. 30, (25)]). Let £/ 
be the space of all real bounded measurable functions a : ~R d x R d — > R with finite norm 

rl (0)/ \ 

II II I / M , f (r) 

\\a\U := sup \a(x,y)\ + dr < +oo, 

x,yeR d JO r 

where 

oj ( ^\r) := sup sup \a(x,y) - a(x, 0)|. (3) 



Let s^i c be the subspace with finite norm 



(r) 

flIU := llflIU + I " dr < +0 °' 



' 



where 

4 1} (r):= sup \a(x,0)-a(x',0)\. (4) 



\x-x'\^r 
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Let N := N U {0}. For p > 1 and p > 0, let BP' P := (I - A)"5(L P ) be the Bessel potential 



space with the norm 
and for q e [1, oo], let Bf p be the Besov space defined by 



||(/-A)Vll,~ll/llp + ll(-A)Vlli 



where kN and {3 < k, and (•, ■)/* /? stands for the real interpolation space. Let us write 

w Ap . = D Jp 

It is well-known that if is an integer and p > 1 , an equivalent norm in W^' p = BP' P is given by 

P 
/t=0 

where denotes the fc-order generalized gradient; and if < /3 ^ integer and p > 1, an 
equivalent norm in W^' p is given by 



where for a number /? > 0, [/?] denotes the integer part of /? and {/?} := /3 - [J3]. It is also well- 
known that Riesz's transform V(-A)~? is a bounded linear operator in //-space for any p > 1 
(see [15]). Moreover, the following interpolation inequality holds: for any j3 e (0,y),p > 1 and 



.1-2 r 



||(-A) 3/llp < Q\f\\ p "||(-A)3/li;. (6) 
The following lemma is an easy consequence of ITTT1 Lemma 2.1]. 

Lemma 2.1. For any J3 e (0, 1), there exits a constant C = C(J3, d) > such that for all p ^ 1 
andf<=EP> p , 

\\f(-+y)-f(-)\\p<C\yf\\(-Af-f\\ p . (7) 
For each t e [0, 1], write Yf p := Z/([0, *]; H ftp ) with the norm 

" M " Y ' P := (X ''"^''w^) ' 
and let xf p be the completion of all functions u e C M ([0, f]; <S(R d )) with respect to the norm 

||m|| x /j, p := sup Hw^Hbs-i.p + IM| y a p + ||<9 f w|| Y /3-i, P . 

' se[0,i] ' ' 

It is well-known that (cf. [1 , p. 180, Theorem III 4.10.2]), 

xf p ^ C([0,t];W f) -p' p ). (8) 
For simplicity of notation, we also write 

X P,P := xf p , Y^ p :=Yf p . 



3. LP -ESTIMATE OF NONLOCAL OPERATORS 

Let v be a cr-finite measure on R d , which is called a Levy measure if v({0}) = and 

1 A |x| 2 v(dx) < +oo. 
Let Z be a finite measure on the unit sphere §> rf_1 in R d . For a e (0, 2), define 



v (a \B) 



= c ( rh 

JSd-l \Jo 



(r6)dr 



E(d0), Be^(R d ). 



(9) 



Then v (ff) is the Levy measure corresponding to the or-stable process. 

Definition 3.1. (i) Let v\ and v 2 be two Borel measures on M. d . We say that V\ is less than v 2 if 

Vy(B) < v 2 (B), B G ^(R d ), 



and we simply write v\ < v 2 in this case. 

( ii) The Levy measure v (a) defined by (|9]) is called nondegenerate if 



|0 O • 6f2(d0) * 0, V0 e 



yd- 1 



(10) 



Throughout this paper we make the following assumption: 
(Hy a) ) Let v be a Levy measure and satisfy that for some a e (0, 2), 



(a) ^ / ( 

Vj < v < v 2 



«\ \ a=l f vv(dy) = 0, 0<r<R<+™, 

Jr<\x\<R 



(ID 



where vf , i = 1, 2 are two Levy measures with the form ®, and Vj is nondegnerate. 
Let us recall the following result from [[191 Corollary 4.4]. 

Theorem 3.2. Assume (Hy tt) ) with a e (0, 2). Then for any p e ( 1 , oo), there exists a constant 
C 6 (0, 1) such that for all f e W- p , 

Co\\(-A)?f\\ P < 11X711/, < C^Wi-A^fWp. (12) 

Below, for simplicity of notation, we write 

jf\x,y) := f(x fix) - y (a) ■ Vf(x). (13) 

We first prepare the following lemma for later use. 

Lemma 3.3. Suppose that a e Mi and v < for some a e (0, 2). For any p > 1, there exists 
a constant C = C(a, p, d) > such that for all f e W' p and s e (0, 1), 



f • 

J]y\<e 



J ( ;\;y)(a(;y)-a(;0))v(dy) 



< C||(-A)3/||, 



dr, 



where cJ^ is defined by ©• 

Proof. Let us look at the case of a e [1, 2). Since a e £/o> by Minkowski's inequality we have 

[/(• + y) - /(•) - y ■ v/(-)](a(-,y) - «(•» o»v(dy) 



/ 

Jlvl 



f lylff IIV/(- + 5v)-V/(-)|| P d5|4 0) (|v|)v w (dy) 
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m 

< C||(-A)-V/|| 



P f w<4 

J\y\<s 



■ (0 \\y\)v (a \dy) 



< C||(-A) 



• e - (0) (r) 



vn„ r ^ 

Jo 



dr, 



where the last step is due to ® and the boundedness of Riesz transform in L p -space. The case 
of a e (0, 1) is similar. □ 



For a e £/ Q , define the following nonlocal operator: 

£ av f(x):= f jf\x,y)a(x,y)v(dy), 



where 3f \x,y) is given by (IT3T) . We now establish the following characterization about the 
domain of H ay . 

Theorem 3.4. Let a e (0, 2). Assume that (H^) holds and a e ^ satisfies that for some 
< ao < ai and any < r < R < oo, 



Oq < a(x, 0) < a\, l a -_ 



ya(x,y)v(dy) = 0. 



(14) 



Then for any p e (1, oo), ?/zere exista a constant C\ e (0, 1) depending only on a , a\, Vj , v!, 
and a, J, smc/i that for all f e W* ,p , 

(15) 



Cill/IUp^llX^/llp + ll/II^Q 1 !,,,,^. 

Proof. We make the following decomposition: 

X ov /(x) = a(x, 0)X v /(x) + f ^ a) (*, y)(a(x, y) - a(x, 0))v(dy) 

J\y\> £ 

+ f ^x,y)(a(x,y)-a(*,0))v(dy) 

JlyKs 

=: h(x) + I 2 (x) + I 3 (x). 
For /i(x), by Theorem 13 .21 and condition (TT4T) . we have 

a C ||(-Ar /2 /|| p < < ai C^\\{-K) al2 f\\ p . 
For /2W, if Qf = 1, by (fl4)) we have 



l|/ 2 ll P = 
if a e (0, 1), we have 



f [/(• + ?)- /(•)](«(•, y) - a(-, 0))v(dy) 

Jlvl>l 



< 4||/|| p ||fl|Uv(^); 



11/211, < 4||/|| p ||a|Uv(^); 

if a £ (1,2), we have 

\\h\\ P < 411/HpHalU f v(dy) + 2||V/y|a|L f \y\v(dy) 

J\y\>e J\y\>£ 



< c, 



+ C e \\f\\l P \\f\i~ <e\\f\\ a , p + C t 



£\U Up- 



For h{x), by Lemma [331 we have 



l|/ 3 llp < Cy( £ )||(-Ar /2 /||p, 



where y(s) — > as s — > 0. 

Now, combining the above calculations, we obtain the right hand side estimate in (TT3T ). More- 
over, we also have 



p- 



\\r v f\\ P > H/illp - ||/ 2 || p - ||/ 3 ||p > (aoCo - e - Cy( £ ))\\(-A) a/2 f\\ p - C. 
Letting e be small enough, we obtain the left hand side estimate in (fl"5l) . □ 

4. Nonlocal linear parabolic equation 

In this section we fix a Levy measure v satisfying (Hy r) ). Let /I : R + — » R + be a nonnegative 
and locally integrable function. Let iV(df, dx) be the Poisson random point measure with inten- 
sity measure N(dt, dx) := A(t)dtv(dx). Let N(dt, dx) := N(dt, dx)-N(dt, dx) be the compensated 
random martingale measure. Let # : R + — » R rf be a locally integrable function. For t > 0, define 

X,:= f #(r)dr + ff y/V(dr, dy) + ff yN(dr,dy), (16) 

Jo JoJfiW JoJR rf -B<") 

where 5 (Q,) = : |x| < 1} if a = 1; = R J if a e (1,2); and = if a e (0, 1). 
For <£> 6 C^(R d ), by Ito's formula we have 

E<p(x + X t - X s ) = <p(x) + E ^ §{r) ■ V(p(x + X,. - X s )dr 

+ E f f [<£(* + X r - X, + y) - y>(jc + X,. - X s ) - y (a) ■ Vip(x + X r - X s )]N(dr, dy). 

JsJR d 

Thus, if we let 

Ttjpix) := T*f<p(x) :=^<p{x + X t - X s ) , (17) 

then one sees that 

d/Tt^p = £ M,)v T Us ip + m ■ VT t<s <p. 
The following result is a slight extension of [fT9l Theorem 4.2]. 

Theorem 4.1. Assume (Hy ff) ) with a e (0, 2). Le? # : R + — > R J &e a locally integrable function 
and A : R + — > [/lo, °o) Z?e a measurable function, where Aq > 0. Le? T^' 1 * £>e defined by rf"7"7l) . 
Then for any p e (l,oo), r/zere exists a constant C = C(A , v" , v" , ct,p, d) > such that for 
any T > and / 6 Z/((0, T) x R rf ), 



f r fr»'*f(s,-)ds dt<c[ \\f(tw p dt. (i8) 

Jo Jo p Jo 

iVoo/ Let /V (1) (d?, dx) and N {2) (dt, dx) be two independent Poisson random point measures with 
intensity measures N (1 \dt, dx) := (A(t) - A )dtv(dx) and N i2 \dt, dx) := /l dfv(djc) respectively. 
Let X\ l) be defined by C© in terms of 7Y (1) , and X, (2) be defined by 

X (2) := ff y/V (2) (dr,dy) + ff yN (2) (dr, dy). 
Jqjb^i Jo Jm d 

In fact, X f (2) is the Levy process corresponding to the Levy measure A v(dx). By Ito's formula, 
we have 

T*ff(x) = Ef(x + X ( t 1} - X« + X {2) - Xf) = ETj v ' /O + X^ - (19) 
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Thus, by [19, Theorem 4.2], we have 



Jo Jo 



7f(s, )ds 



r c 

ck<E £ v T*° v '°f(s, ■ + - X ( V)d 

Jo Jo 

JrT w P 

o Jo p 

<ceT ||/( S ,.-x< i) )|rdj = c f ii/(5)n^. 

Jo ' Jo 



The proof is complete. 

Consider the following time-dependent linear nonlocal parabolic system: 

d t u = £ a(t)v u + b ia) -Vu + f, u(0) = ip, 

where u, f : [0, ljxl^ R m , a : [0, 1] x W 1 x W 1 R and & : [0, 1] x R d 
measurable functions, and 

b (a \t,x) = \ a e[l,2)b{t,X). 

We make the following assumptions on a and b: 
(H") For each t > 0, a{t) e srf\ satisfies 

sup ||a(0m < +°°, «o < a(t,x,0) < a\, 

«e[0,l] 

where a , ci\ > 0, and for all < r < R < +oo, 



□ 



(20) 
l d are Borel 

(21) 



\ a=l | ya(t,x,y)v(dy) = 0. 

r<|y|<R 



(22) 



(H*) For all f > and xje R J , 

\b {a \t,x)-b {a \t,y)\ < y|) + W,2)G,, 

where w fc : R + — > R + is an increasing function with lim 5 | k>fc(s) = 0. 
Let us first prove the following apriori estimate by the method of freezing the coefficients (cf. 
US Lemma 5.1]). 

Lemma 4.2. Suppose that a(t, x,y) = a{t, x) is independent ofy and satisfies (H"), and b satis- 
fies (R h ). Let p > 1 and not equal to if a e (1, 2), and let f e Y°' p and u e X a - p satisfy rt20l) . 
Then for all t e [0, 1], 

\\u\\ K r <C (1111(0)11^^ + 11/11^), (23) 
where C depends only on a , o.u lk*m> \\b\\oo,d,p, a and a>b- 

Proof Let (p s ) ee (o,i) be a family of mollifiers in R d , i.e., p £ (x) = e~ d p{s~ l x), where p e C~(R rf ) 
with Jp = 1 is nonnegative. Define 

u e (t) := u(t) *p E , a E {t) := a(t)*p s , b s (t) := b(t)*p E , f s (t) := /(?) *p e , 

where * stands for the convolution. Taking convolutions for both sides of (1201 , we have 

d,u £ = £ aMv u E + bf ■ Vu E + h e , (24) 

where 

h E := f e + U a(t)v u) * p £ - £ aAt)v u E + (b (a) ■ Vu) * p E - b^ ■ Vu E . 



By the assumption, it is easy to see that for all s e (0, 1) and t e [0, 1] and x,y e R d , 

\a E (t,x) - a E (t,y)\ < aj$\\x-y\), \b E (t,x) - b E (t,y)\ < l a=l co b (\x - y\) + l a6( i >2 )C 6 , (25) 

and 

\a e (t, x) - a(t, x)\ < o)^\e), \b e (t, x) - bit, x)\ < l a= \Co b {s) + l ae (i,2)Q,. 
Moreover, by the property of convolutions, we also have 

lim f 11^(0-/(011^ = 0. 
Jo 

Below, we use the method of freezing the coefficients to prove that for all t e [0,1], 

||K e |lxJw < Q,p (ll"e(0)H wa -f p + IIMyJ*] . ( 26 ) 

where the constant C is independent of s. After proving this estimate, (1231 ) immediately follows 
by taking limits for (|26|) . 

For simplicity of notation, we drop the subscript s below. Fix 6 > being small enough, 
whose value will be determined below. Let £ be a smooth function with support in B 6 and 
Hfll, = l.For Z eR d , set 

:= &x - z), A a z {t) := a(t,z), & b z (t) := l a=l b(t,z). 
Multiplying both sides of (1241) by we have 

dMz) = K.£ v Mz) + 0? • V(«4) + «f, 

where 

gf := (a - ^)£X Z + ^(£V* - + {b ia) - & b z ) • V(«&) - • + 

Let T t ~ ' ~~ be defined by (U7T ) in terms of /l°v and By Duhamel's formula, u£ z can be written 



as 



Jo 



and so that for any T e [0,1], 



p \ 
dt 

p i 



[ T \\r(umw P dt<2p- 1 [ C \\rr^'%{Q)Q%dt+ fir fr^g^ 

Jo \Jo Jo II Jo 

=: 2 p -\h(T,z) + h(T,z)). 
For h(T,z), by dH and \\£ v f(- + z)\\ P = \\£ v f\\ P , we have 

f \\rT^'%(0X z )\\ p p dt = J ||£ v rX°( a (0)4)||^d?<C|| a (0)4ll^ f , ;) , (27) 

where the last step is due to [fT7] p. 96 Theorem 1.14.5] and |fT9l Corollary 4.5]. Thus, by 
definition ©, it is easy to see that 

f h(T,z)dz<C f \\u(0X z \\ P ^ p dz<c(|K0)|| p B _ £; J|^||^ + |K0)||p^ir ff _ £ J. 
For I 2 (T, z), by Theorem |4T] we have 

I 2 (T,z)<cf M(sWds<C f \\((a-A a z )(£ v uQ)(sW D d S 



+ C f ||^(X>4)-XXz)(^)ll^ 

Jo 

+ C f \\((b^ - & h z ) ■ V{uQ)(sW p ds 
Jo 

+ C f \\(ub^-^ z )(sW p ds + C f \\hUs)\\ p p ds 
Jo Jo 

=: I 2l (T, z) + I 22 (T, z) + I 23 (T, z) + W, z) + I 25 (T, z). 
For hi(T,z), by ([25]) and U\\ p = 1, we have 

f I 2l (T,z)dz<Cco i a l \dr [ [ \\U v uQ(s)\\ p p dsdz = C(o«\6) p f \\£ v u(s)\\ p p d S . 

Jft rf J Jo Jo 

For I 22 (T, z), using © and as in the proof of Lemma 2.5], for any /? e (0 V (a - 1), a), we 
have 

f I 22 (T,z)dz<Ca l f f \\{r{uQ-ruQ{s)\\ p p dzds 

JR d Jo jR d 

<C f \\u(sW p ds + C f \\(-Af 2 u(sW p ds 
Jo Jo 

<C [ \\ u (sW p ds + ^- f \\£ v u(s)\\ p p ds, 
Jo 47 Jo 

where the last step is due to the interpolation inequality, Young's inequalities and Theorem 13 .2 1 
For I 2 s(T, z), as above we have 

J^I 23 (T,z)dz<C\ a=l io h (6y^ \\Vu(sW p d S + \m\\ p p J o MsWpds^j. 
Moreover, it is easy to see that 

MT,z)dz<C\\b\Om\ p p f \\u(sW p ds, 

Jo 

f I 25 (T,z)dz<C [ \\h(s)\\ p p ds. 

jR d Jo 

Combining the above calculations, we get 

r w£ v u(sw P ds = [ [ iixx^-411^^2^ 1 r r nx^x^n^ 

Jo Jo JR d Jo JR d 

+ 2?- 1 f [ \\{£ v u^ z - £\uQ){sW p dzds 

Jo JR d 

< c|| M (0)n^. f p + (i + cx^W + UbiW) j \\-C v u( S )\\';ds 

+ C [ \\u(sW p ds + C f Ms)\\ p p ds. 
Jo Jo 

Choosing 8q > being small enough so that 
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we obtain that for all T e [0, 1], 

f \\ru{sW p As<C\\u{0)\\ p +C f \\u(sW p ds + C f \\h( S Wds. 

Jo " p ' Jo ' Jo 

On the other hand, by d2U), it is easy to see that for all t e [0,1], 



(28) 



\\u(t)\\ p p <Q\u(0W p + CK e[h2) \\Vu(sW p ds + C \ \\h(s)\\ p ds, 

Jo Jo 

which together with (EST ) and Gronwall's inequality yields that for all t e [0, 1], 



sup \\u(s)\\ p p + f \\£ v u(s)\\ p p 

se[0,/] Jo 

From equation (1241) . we also have 



W B ds < C 



\u(0)\\ p a + f 



\\h( S )\\ P D dS 



(29) 



\\d s u(s)\\ p p ds < C 



I 1 

Jo 



||V M (5)||^+ \\h(s)\\ p 7 ds\, 



\\a\\l f \\£ v u(s)\\ p ds + \\b™r oo f 
Jo Jo 

which together with (|29l and (fT2l) gives (l26l) . and therefore (|23l) . 

We now prove the following main result of this paper. 
Theorem 4.3. Suppose (H^), (H°) and (H 6 ) and/or w kNU {0}, 

|V£i(f, x,y)| + |V#>(f, x)| < Cj, j = 0,---,k. 
For given p 6 (l,oo) no? eana/ to -77 when a e (1,2), and for <p 6 W k+a ~~>' p , there exists 



unique u £ X <:+Q, ' p satisfying equation rt20l) . Moreover, for all t e [0, 1], 

IMI x *+*,p < C tp (ll^H^+a-f j, + ll/ll y *.p) , (30) 
where Co, p depends only on ao,a\, \\a\\^, ||&|U, <i,i?, a and Wj. 

Proof. The strategy is to prove the apriori estimate (1301 and then use the continuity method (cf. 

maim 

(Step 1) Let us first rewrite equation (1201 as 

3 f M(?, jc) = a(f, x, 0)£ v u(t, x) + fc (o;) (?, x) ■ Vu(t, x) + f(t, x), 

where 

/(r, x) := f{t, x) + I jj? ,(*, y)(a(t, x, y) - ait, x, 0))v(dy) 

and 

J^lfay) := u(f, + y) - u(t, x) - y (a) ■ Vu(t, x). 
Notice that by Lemma [33] 



ii/(oii P < wmwp + 



J|vl>£ 



J|y|<g 

11/(011, + 2a! (|K0M^) + l ae(1)2 )||V M (0ll P ) 



+ C £ |K0ll P + Cro(e)||(-A)^(0|| p 

< 11/(011, + c s \\u(t)\\ p + ri ( e )||(-A)^(0ll P , 
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where the last step is due to the interpolation inequality and Young's inequalities, and 



C £ to (r) 

y (e):= f — dr, y { (s) := s + Cy (s). 

Jo r 



r 

By Lemma \4~2\ we have 

IMIx^ < CilMl w «-> + c 2 ||/|| Y o, P . 

In particular, for all t e [0, 1], 

sup || M (s)|| p + f ||(-A)? M (s)||^ds<C 1 |MI Wj ,+n(e) f ||(-A)5»(j)||Jdj 
se[0,f] Jo Jo 

+c 2 r n M (s)ii^dj+c 2 r n/(s)ii^ds. 

Jo Jo 

Letting e be small enough and using Gronwall's inequality, we obtain (T5U1 ) with = 0. 
(Step 2) We now estimate the higher order derivatives. Write 

w (n \t,x) := V n u(t,x). 

By the chain rule, one can see that 

d t w in) = L av w in) + b {a) ■ Vw w + g in \ 

where 

g W : = V"/ + V |£ (Via)v (V"-^) + V j b (a) ■ V n - j+1 u) 

j^(n-j)\j\\ I 

and 

j^U>(y n - j u)(t,x)= f 3^1 (x,y)V{a(t,x,y)v(&y). 
By Step 1, we know that 

llw^Hx^ < C (11^(0)11^,, + H^ll^) • (31) 
By Minkowski's inequality, we have 

ll£ (V ' fl)v (V"-; M )(f)ll P < Cj [ \\v n Mt, -+y)- v n Mt, •) - y (a) ■ vv n Mt, oil^Cdy) 

< Cj f (2||V"-M0llp + Uea,i)\y\ • ||V"^ +1 W (0ll P )v(dy) 
Jm>i 

+ C y l ffe(0 ,i) f WMt, ■ +y) - V n ~ j u(t, -)llpv(dy) 
JlvKl 

+ C y l ffe[1 , 2) f ||V"-^(?, • + y) - V*-'«(f, - y • VV"^(f, OIUKdy) 
Jivki 



< 2C 7 v(fi^)||V n -^a)|| p + C 7 -||V"^ +1 a (0ll 
x 



( ly|l ff e(l,2)V(dy) + I |y|lae( ,l)V(dy) 

Jb^ Jbi , 

+ C/W) f biff |]V"- y+1 ^,- + ^)-V"^ +1 a a,-)ll P dX(dy) 

J|y|<l \J0 / 

< C||V"-^(0ll P + C\\ST J+1 u(t)\\ p + C\\V"-j +l u(t)\\^ p f |y| 1+/? l ae[ i, 2) v(dy), 

Jb, 



IB, 
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where yS e ((a - 1) V 0, 1) and the last step is due to ©■ 
Hence, by the assumptions, we obtain 

\\g (n X ,„ < 11/11^ + Q\u\\ p + Q\\u\\ p l ae[h2) . 

i t &t i t 

Summing over n from to k for (|3TT ) yields 

IKOII^, + f \\u(s)\\ p wk+ap ds < C|Ml w * +a -s p + Cl ae[1 , 2) f \\u(s)\\^ k+fStP ds 

+ C f \\f( S % k>p d S + C f \\u( S % k , p d S 

Jo Jo 

< qMl^f , + ci ae[1 , 2) f ll«(5)||^:j| M (5)||^/ /a) d5 

+ C f \\f(s)\\ P wk>p ds + C f \\u( S )\\ P w , p ds 
Jo Jo 

< C\\<p\\yk*-f* + ^l ae[ i, 2 ) J~ Ms^^ds 

+ C [ Wfis^ds + C f Ms^ds, 
Jo Jo 

which then gives (1301) by Gronwall's inequality. 
(Step 3) For A e [0,1], define an operator 

U A := d t - A£ av - Ab (a) • V - (1 - A)£ v . 

By (TT5l) . it is easy to see that 

U A : X k+a ' p -> Y k ' p . (32) 

For given <p e W k+a ~?' p , let xJ +Q, p be the space of all functions u e X k+a ' p with u(0) = (p. It is 
clear that X k ? a ' p is a complete metric space with respect to the metric || • ||x*+<* ,p- For A = and 
/ e Y* ,p , it is well-known that there is a unique u e X k +a ' p such that 

Uqu = d t u - J7u = f. 

In fact, by Duhamel's formula, the unique solution can be represented by 

u(t,x) = T$tp(x)+ f T*?f(s,x)d S , 
Jo 

where T^f is defined by (|17| ). Suppose now that for some Aq e [0, 1), and for any / e Y k ' p , the 
equation 

Ua u = f 

admits a unique solution u e X^ a,p . Thus, for fixed / e Y k ' p and A e [A , 1], and for any 
u 6 X* +Q, ' p , by (1321) . the equation 

U Ao w = f + (U Ao - U A )u (33) 

admits a unique solution w e X k ^ a ' p . Introduce an operator 

w = Q A u. 

12 



We now use the apriori estimate (|30T ) to show that there exists an s > independent of Aq such 
that for all A e [A , A + s], 

Q i : X k + a ' p -» X k + a ' p 

is a contraction operator. 

Let u\,u 2 e X k v +a,p and w,- = Q^M;, i = 1, 2. By equation (1331) . we have 

^(wi - w 2 ) = (U Ao - U A ){u, - u 2 ) = (A - A)(£ {a - Y)v + b ia) ■ V)(«i - u 2 ). 

By (0DI( and (fB|> . it is not hard to see that 

WQxUx - QxUiW^p < Ck, P \A - A\ • \\(£ ia - l)v + b ia) ■ V)( Ml - M2 )|| Y *, P 

< Cq|/Io _ ^1 ' _ U2\\-%k+a,p , 



rk+a,p ^ -^k+a,p 



where C is independent of A, A and u\, u 2 . Taking e = 1 /(2C ), one sees that 

is a 1 /2-contraction operator. By the fixed point theorem, for each A e [/i 0; + £ ] 5 there exists 
a unique w e X lfi +a ' p such that 

Gi« = u, 

which means that 

U A u = f. 

Now starting from A = 0, after repeating the above construction [-] + 1-steps, one obtains that 

for any / e Y k ' p , 

U x u = f 

admits a unique solution u e X v +a ' p . □ 



II 

12 

[3 

14 
[5 
[6 

17 

18 
19 

[10 

[11 
[12 

[13 
[14 



References 

Amann H.: Linear and quasilinear parabolic problems. Vol. I, Abstract linear theory. Monographs in Math- 
ematics, Vol.89, Birkhauser Boston, MA, 1995. 

Applebaum D.: Levy processes and stochastic calculus. Cambridge Studies in Advance Mathematics 93, 
Cambridge University Press, 2004. 

Barles G., Chasseigne E. and Imbert C: Holder continuity of solutions of second-order non-linear elliptic 
integro-differential equations. J. Eur. Math. Soc, Vol.13, 1-26(2011). 

Bergh J. and Lofstrom J.: Interpolation spaces. Grundlehren der math. Wissen., 223, Springer- Verlag, 1976. 
Biler P., Funaki T., Woyczynski W.A.: Fractal Burgers equations. J. Diff. Equa., 148, 9-46(1998). 
Caffarelli L., Chan C.H. and Vasseur A.: Regularity theory for nonlinear integral operators. J. Amer. Math. 
Soc. 24(2011)849-869. 

Caffarelli L. and Vasseur A.: Drift diffusion equations with fractional diffusion and the quasigeostrophic 

equation. Annals of Math., Vol. 171, No. 3, 1903-1930(2010). 

Dong H. and Kim D.: On L p -estimates for a class of nonlocal elliptic equations. arXiv:l 102. 4073 vl. 
Gilboa G. and Osher S.: Nonlocal operators with applications to image processing. Multiscale Model. 
Simul., 7(3):1005-1028, 2008. 

Pazy A.: Semigroups of linear operators and applications to partial differential equations. Applied Mathe- 
matics Sciences, vol.44, Springer- Verlag, 1983. 

Komatsu T.: On the martingale problem for generators of stable processes with perturbations. Osaka J. 
Math. 21(1984),1 13-132. 

Krylov N.V: Lectures on Elliptic and Parabolic Equations in Sobolev Spaces. AMS, Graduate Studies in 
Mathematics, Vol. 96, 2008. 

Mikulevicius R. and Pragarauskas H.: On the Cauchy problem for certain integro-differential operators in 
Sobolev and Holder spaces. Lithuanian Math. Journal, Vol.32, No. 2, 1992. 
Sato, K.: Levy processes and infinitely divisible distributions. Cambridge University Press, 1999. 

13 



[15] Stein E.M.: Singular integrals and differentiability properties of functions. Princeton, N.J., Princeton Uni- 
versity Press, 1970. 

[16] Stein E.M.: Harmonic Analysis: Real- Variable Methods, Orthogonality and Oscillatory Integrals. Princeton 
University Press, 1993. 

[17] Triebel H.: Interpolation Theory, Function Spaces, Differential Operators. North-Holland Publishing Com- 
pany, Amsterdam, 1978. 

[18] Zhang X.: Stochastic Differential Equations with Sobolev Drifts and Driven by c-stable Processes. Annales 

de lTnstitut Henri Poincare, Probabilits et Statistiques, in press. 
[19] Zhang X.: //-maximal regularity of nonlocal parabolic equation and applications. 

|http://arxiv.org/abs/l 109.08 16| 
[20] Zhang X.: Well-posedness of fully nonlinear and nonlocal critical parabolic equations. 

|http://arxiv.org/abs/l 1 1 1 . 1874| 

School of Mathematics and Statistics, Wuhan University, Wuhan, Hubei 430072, P.R.China, Email: Xi- 

CHENgZhANG @ GMAIL. COM 



14 



